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SELECTION OF QUASI-RANDOM POINTS BASED ON SOBOL 

DESIGN  

A Sobol sequence is a low discrepancy quasi-random sequence. Sobol sequences were designed to cover 

the unit hypercube with lower discrepancy than completely random sampling (e.g. Random 

Search).  These sequences use a base of 2 to form successively finer uniform partitions of the unit interval, 

and then reorder the coordinates in each dimension. 

To generate sobol quasi random sequence, we'll have to source in primitive polynomials over GS(2) as input to 

the algorithm. Various researchers have already generated and published these polynomials and can be used 

directly (and we recommend) while implementing the algorithm. 

Consider an irreducible polynomial over GS(2) of degree sj 

xsj + a1xsj-1 + a2xsj-2.....+ asj-1 x + 1 

This polynomial is said to be primitive if it has the order 2sj - 1. 

DIRECTION NUMBERS 
 
To generate sobol low discrepancy quasi random sequence, we will now have to assume an initial set of 
initialization numbers mi(s) - m1, m2, m3, . . . msj. (Remember sj is also the degree of primitive polynomial we 

discussed previously). Each assumed mi (ith initialization number), however, must satisfy two criteria - it should 

be an odd integer and it should be less than 2i. That is, m1 < 2, m2 < 22, m3 < 23 and so on. 
 
However, this does not mean that any integer that satisfies these two criteria would generate a good quality 

low discrepancy sequence. In fact, the quality of the random number depends quite a bit on the assumed set 

of initialization numbers. There are a few authors who have researched and arrived at a set of initial numbers 

which produce quality random numbers. 

The values for msj+1 and beyond are determined using the following recursive equation: 

 

Where ak are the coefficients in the primitive polynomial as represented in xsj + a1xsj-1 + a2xsj-2+.....+ ask-1 x + 1. 

EXAMPLE 

Suppose we have a primitive polynomial x3 + x + 1. (a1 = 0 and a2 = 1) so that the recursive equation for mi 

simplifies to the following: 

 

At this stage we assume the initialization values m1 = 1, m2 = 3, and m3 = 7. 

https://academy.gannetsolutions.com/courses/modeling-and-optimization-of-ic-engines-using-python/www.gannetsolutions.com
https://optunity.readthedocs.io/en/latest/user/solvers/random_search.html
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We calculate m4, m5 .. etc using the recursive equation above. 

 

Now that we know how to calculate initialization numbers mi(s), we shall move on to understand how direction 
numbers are calculated. 
 

Direction numbers vk are simply defined by the equation vk = mk/2k 

So that, if m1 = 1, m2 = 3, m3 = 7, m4 = 5, m5 = 7 then the direction numbers v1 = 0.5, v2 = 0.75, v3 = 0.875, v4 = 
0.3125 and v5 = 0.21875. 
 

THE GRAY CODE 

They gray code for a number n is defined by the equation: 

 [.] Represents the integral part function 
 
Using the above equation we get, G(1) = 1, G(2) = 3, G(3) = 2, G(4) = 6, G(5) = 7 and so on.. 
 

THE GRAY CODE ALGORITHM 

The Sobol low discrepancy sequence can now be generated using the equation: 
 

 
where ....g3g2g1 is the binary representation of the G(n) 
Using this we get, x1 = 0.5 
 

 
 
 

FASTER METHOD TO OBTAIN SOBOL SEQUENCE 
 
So now we know how to generate the sequence. But there is still a more efficient way of implementing the 
algorithm. This was shown by Antonov and Saleev [2]. Before that let us define one more sequence {ci} 

ci = index of the first 0 digit from the right in the binary representation of i = (. . . i3i2i1)2. We have c0 = 1, c1 = 2, 
c2 = 1, c3 = 3, c4 = 1, c5 = 2, etc. 
The sequence can now be generated using the following equation: 

 

https://academy.gannetsolutions.com/courses/modeling-and-optimization-of-ic-engines-using-python/www.gannetsolutions.com
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As we will show, the above equation also generates the same sequence as that generated using the equation 
mentioned in the previous section. 
The starting point of the sequence is assumed to be x0 = 0. 

 

 
 
FOR HIGHER DIMENSIONS 
 
For each dimension use one primitive polynomial, assume a set of initialization numbers based on the criteria 
above, generate rest of the initialization numbers using the recursive equation described before, calculate 
direction numbers vi(s) and finally use the equation stated in the previous section to generate the sequence. 
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